Pure electron plasmas are usually confined within cylindrically symmetric Penning-Malmberg traps. When azimuthally asymmetric potentials are imposed on the trap walls, the plasmas deform into asymmetric shapes. Such deformed plasmas have been observed experimentally, and are long lived. This paper analyzes the equilibria of these plasmas. Wall potentials can be found which place many asymmetric, flat-top plasmas into exact equilibrium; virtually any flat-top plasma can be placed into approximate equilibrium.
I. INTRODUCTION
Highly deformed, stationary non-neutral plasma columns in Penning-Malmberg traps 1 ͑see Fig. 1͒ are unexpectedly long lived. [2] [3] [4] Normally, non-neutral plasmas are stored in Penning-Malmberg traps with cylindrically symmetric wall boundary potentials, and the equilibrium plasma shape is a symmetric cylinder. Application of azimuthally asymmetric wall potentials deforms the plasma equilibrium into a stationary cylinder of noncircular cross section. Since the wall potentials are no longer symmetric, angular momentum conservation is no longer guaranteed, and the standard justification 5 for the long lifetime of non-neutral plasmas is no longer applicable. Consequently, the long lifetimes of these deformed plasmas was a surprise. Highly deformed plasmas are useful for plasma lifetime studies, 3, 4, 6 exhibit complex bifurcation phenomena, 7 and are interesting in their own right. 8 Theoretical study of these deformed plasmas begins with understanding the equilibrium conditions. Chu et al. 9, 10 studied the equilibrium shapes of the slightly deformed plasmas that result from small wall potential perturbations. Here we address the complementary problem; given an arbitrarily shaped plasma, is it an equilibrium, and what boundary potentials would produce it? Unlike Chu et al. we consider highly deformed plasmas. We will show, for example, that the nearly square plasma shown in Fig. 2 is in equilibrium and is produced by the plotted wall potentials. In general, any arbitrarily shaped, simply connected, flat-top ͑constant density͒ plasmas will be in equilibrium, and we can find the corresponding wall potentials. Exact equilibrium solutions do not exist for all plasmas, however, but wall potentials can be found that place virtually any plasma into a state that is arbitrarily close to an equilibrium state.
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Just because the plasma is in equilibrium does not mean that the equilibrium is stable; many highly deformed plasmas are unstable. The stability of these plasmas is studied in a companion paper. 12 In the guiding center limit in which electron mass is neglected, 13 non-neutral plasma particles follow EϫB drift orbits, where the electric field E is the net electric field from the plasma and from the confining wall, and the magnetic field B is the axial magnetic field used for radial confinement. In this limit, a non-neutral plasma is in a stationary equilibrium when its density contours are aligned with the system's electrostatic potential contours. 9, 13 When so aligned, the net electric field will be perpendicular to the density contours, and the plasma particles will drift along the density contours. Motion along B is assumed to bounce average out.
In this paper we will concentrate on the flat-top plasmas, where the equilibrium condition reduces to the simpler conditions that the outer boundary of the plasma must be an equipotential, 13 and the potential must be continuous everywhere. To find the wall boundary potential that will produce a desired irregularly shaped plasma, we must find a solution to Poisson's equation ⌽ tot (r,) which is an equipotential on the plasma boundary. The required wall boundary potential V() for this plasma is simply the potential ⌽ tot (r,) evaluated along the wall at rϭR w .
II. EXACT SOLUTIONS
Both analytic and numeric methods can be used to determine ⌽ tot . The analytic method uses a Green's function, 14 while the numeric method relies on contour dynamics.
A. Green's function methodology
Green's functions are commonly used to solve Poisson's equation, but their use here is complicated by the requirement that the plasma boundary be an equipotential. The appropriate Green's function is
where e is the plasma particle charge, n 0 is the plasma density, D o (r,;r 0 , 0 ) is the distance between the two points defined by (r,) and (r 0 , 0 ), and D i (r,;r 0 , 0 ) is the distance between (r,) and the image of (r 0 , 0 
where R() defines the plasma boundary. While this potential is defined everywhere, there is no reason to expect that the plasma boundary will be an equipotential. In addition to ⌽ G (r,), we can also define a second potential ⌽ p (r,) satisfying Laplace's equation;
Since ⌽ p can match any arbitrary potential, we can always require that ⌽ p (R(),)ϭϪ⌽ G ͓R(),͔ over the plasma boundary. Then by construction, the total potential ⌽ tot (r,) ϭ⌽ G (r,)ϩ⌽ p (r,) will be an equipotential on the plasma boundary. Evaluating ⌽ tot at the wall yields the wall potential V() which places the plasma in equilibrium. For this evaluation to be permissible, the potential ⌽ tot must be analytic to the wall; if it is, the solution is exact. If it is not, we must resort to the approximate methods of solution described in Sec. IV. Finding a closed form expression for ⌽ tot is difficult. The following procedure often yields an analytic result: First, place a fictitious metallic enclosure directly around the plasma edge at rϭR(). We can expand the solution to Poisson's equation ٌ 2 ⌽ int ϭϪ4en 0 inside this enclosure as
͑4͒
By construction, the plasma boundary will be an equipotential. For several regular geometric shapes, the coefficients (a m ,b m ) are obvious by inspection, and for other shapes they are readily calculable. If necessary, they can be found numerically. Note that although ⌽ int can be evaluated outside the plasma, it does not equal the correct potential there. A second expression for the potential can always be found by expressing the Green's potential ͓Eq. ͑2͔͒ as another series:
A schematic drawing of a Penning-Malmberg trap. Longitudinal confinement is provided by appropriately biasing the cylinders. Radial confinement is provided by the magnetic field. The electrically isolated patch (V ) can create an asymmetric boundary. The pure-electron plasma is generated by thermionic emission from the hot tungsten filament on the lefthand side, and loaded into the trap by momentarily grounding in the leftmost cylinder. The plasma is imaged by momentarily grounding the rightmost cylinder, thereby allowing the plasma to stream onto the phosphor screen.
FIG. 2.
A nearly square, negative unit density, nonneutral plasma held in equilibrium. The plasma covers the grey region in the center and has an area of /4. The wall radius is R w ϭ1 cm. The contours were found with a numeric Poisson solver, and are spaced by 0.2 sV. The plasma boundary is indistinguishable from the 0 sV contour, and the most negative drawn contour within the plasma is at Ϫ0.6 sV. The inset graphs the imposed potential on the wall as a function of angle. The angle ϭ0 is at 3 o'clock. 
Using Eq. ͑2͒, this expression can be rewritten as
where the 0 symmetry of the plasma inside R i allows us to change the lower limit of the dr 0 integral from 0 to R i ϩ⑀, where ⑀ is a positive infinitesimal. Now we need to evaluate ln͓D o (R i , ;r 0 , 0 )͔ only when r 0 ϾR i , and can take advantage of the logarithmic expansion:
Plugging this expansion into Eq. ͑7͒ yields easily evaluated integrals, and taking the limit ⑀→0 leaves
is valid solely for r 0 ϾR i , so ⌽ G int is required to equal the complete Green's potential ⌽ G only inside R i . Moreover there is no reason to expect that ⌽ G int will be an equipotential on the plasma surface. However, by construction, the plasma boundary is an equipotential of the function:
͕Thus, ⌽ p ͓Eq. ͑3͔͒ equals Ϫ⌽ o Ϫ⌽ i ϩ⌽ d .͖ As ⌽ tot and its derivatives are continuous across the boundary, ⌽ tot satisfies all the required boundary conditions. Assuming that ⌽ tot is well defined everywhere, it must equal the correct potential outside the plasma by the uniqueness theorem for harmonic functions. By construction, ⌽ G is constant at the wall. Consequently the required wall voltages are found ͑to within a constant͒ by evaluating
This solution is only valid when ⌽ tot can be evaluated to the wall; i.e., when the radius of convergence of ⌽ tot is outside R w . When will this be true? If, as is often the case, ⌽ int (r,) has only a finite number of terms, it will be analytic out to infinity. The image potential ⌽ i (r,) will always be analytic out to the wall. Only the direct potential ⌽ o (r,) can cause trouble. Unfortunately, we cannot predict when ⌽ o (r,) will be convergent. Some strongly distorted shapes yield potentials which are analytic, while other relatively circular shapes yield potentials which are not. However for any particular shape we can check the convergence be finding the limit of the sequences 1/ͱ m ͉ f m ͉, 1/ͱ m ͉g m ͉, the lesser of which equals the radius of convergence of ⌽ o (r,).
B. Examples

Equilibrium of circular plasmas
The wall voltages necessary to produce an off-axis circular plasma are particularly easy to find. The potential generated by such a plasma is simply the standard potential from a cylindrical plasma, namely ⌽ int (r,)ϭϪen 0 (r p 2 Ϫr 2 ) inside the plasma, and ⌽ ext ϭϪ2en 0 r p 2 ln(r/r p ) outside the plasma. Here r p is the plasma radius, and r is measured from the plasma center. The plasma boundary is clearly an equipotential, so the plasma will be in equilibrium. The required wall voltages V() are found by evaluating ⌽ int along an appropriately shifted circle of radius R w . The resulting plasma and contours are shown in Fig. 4 . We show in the companion paper that off-axis circular plasmas are always stable. 
Equilibrium of elliptical plasmas
The equation
defines a family of ellipses of area A p ϭR c 2 and ellipticity 2 ϭ(1Ϫb 2 )/(1ϩb 2 ), b 2 Ͻ0. By inspection, the solution of Poisson's equation that is constant on the boundary is
which is constant along the ellipse boundary. Using Eq. ͑9͒ to find the terms in ⌽ o , we find that the only nonzero term is
while evaluation of Eq. ͑10͒ shows that the expansion ⌽ i requires a full set of even cosine terms:
The expressions in both Eqs. ͑16͒ and ͑17͒ were found with the aid of the Maple symbolic manipulation program. Calculating ⌽ tot yields
The appropriate wall voltages are readily obtained from this expression. For the special case of an elliptical plasma, solving Poisson's equation in elliptical coordinates yields an equivalent expression for the potential:
͑20͒
where the elliptical variables , are related to r, as
ϭcosh cos , and 0 corresponds to the value of on the surface of the ellipse:
. ͑22͒
The two results, Eqs. ͑18͒ and ͑20͒ agree numerically. A typical solution is shown in Fig 5. We show in the companion paper 12 that these ellipses are stable if their ellipticity is sufficiently small.
Equilibrium of square plasmas
The approximate equilibrium potential of a perfectsquare plasma can be found in closed form, but, as we show in the companion paper, 12 the sharp corners make any perfect-square plasma unstable. More interesting is the family of squarish plasmas defined by the equation:
where ͉⑀͉Ͻ1 defines the deviation from roundness, and R c scales the size of the plasma. Using b 4 ϭϪ⑀/2R c 2 , the internal potential for these plasmas is
No closed form expressions for the coefficients f m , g m , F m , and G m appear to exist, but the integrals Eqs. ͑9͒ and ͑10͒ are easy to evaluate numerically. Only the cosine terms, m ϭ4,8,16 . . . survive. Table I gives the first few terms for the values R c ϭ0.679, ⑀ϭϪ0.923, (b 4 ϭ1). As is typical, the potential at the wall is almost a pure harmonic. Figure 2 shows the plasma and electrostatic contours. According to the methods outlined in the companion paper, 12 this plasma is linearly stable. 
III. CONTOUR DYNAMICS METHODOLOGY
The wall potentials producing a given plasma equilibrium can also be found numerically using the contour dynamics ͑CD͒ technique. The technique allows us to find potentials by evaluating line integrals along the plasma edge instead of area integrals over the entire plasma. More information about CD can be found in the literature [16] [17] [18] and in the companion paper. 12 The advantage of using CD is that it allows us to find solutions for irregularly shaped plasmas in arbitrarily shaped boundaries.
Briefly, we express the total potential as the sum of the plasma potential p , the image potential ⌽ o , and the external potential ext :
The potentials p and ⌽ o 18 can be found using the CD for a given plasma shape R 0 (). The external potential is
where the coefficients A l and B l are determined by the boundary condition. The plasma boundary is discretized into N points, and only N/2 harmonics are kept for the external potential, i.e.,
Requiring that the shape is an equilibrium, we write the equipotential condition at every point on the boundary as
This results in a linear inhomogeneous system of N equations for N unknown coefficients A 0 , A N/2 , A l , and B l with lϭ1, N/2Ϫ1 which is solved numerically. The desired wall potential can now be easily calculated using Eq. ͑27͒ with rϭR w .
A. Examples Figure 6 presents an example of a highly deformed plasma. The equilibrium potentials were found using the CD technique. Despite the fact that the plasma boundary is partially concave, the methods developed in the companion paper 12 show that the plasma is stable. As with any highly deformed plasma, the wall potential V() must be large to produce the required high harmonic interior potentials. 
Equilibrium of irregular plasmas
Equilibrium of plasmas in irregular boundaries
The CD technique is not limited to circular boundaries. Figure 7 shows the equilibrium shape of a series of plasmas, with increasing area, confined within a square wall. Such walls are often used in Ion Resonance Mass Spectrometers ͑Ref. 19, p. 236͒. Not surprisingly, the smaller plasmas are almost circular, while the larger plasmas assume the shape of the wall.
IV. APPROXIMATE SOLUTIONS
Exact equilibrium solutions cannot be obtained for all plasmas. McCarthy et al. 11 proved that even some mildly contorted plasmas, such as the cardioid shown in Fig. 8 , cannot be placed into an exact equilibrium. The potentials of such plasmas have singularities which preclude harmonically extending ⌽ tot indefinitely. If the wall does not enclose any of these singularities, then an appropriate boundary potential can be placed on it so that ⌽ tot has the plasma boundary as an equipotential. If the wall does enclose a singularity, then it is impossible to make the plasma boundary an equipotential. It is unknown whether there exists a noncircular plasma that can always be placed exactly into equilibrium, regardless of how far away the wall is.
Despite this lack of exact solutions, McCarthy et al. proved that approximate equilibrium solutions exist for any simply connected plasma. These solutions are approximate in the sense that wall potentials can be found which make a new plasma boundary, arbitrarily close to the original boundary, an equipotential. McCarthy et al. developed a highly mathematical algorithm for finding these wall potentials; here we show that these potentials can be found simply by fitting the coefficients of the harmonic function Eq. ͑3͒ such that the harmonic function makes the plasma boundary an equipotential. To perform the fits, we used the numerical recipes' 20 general linear least-squares routine svdfit, as implemented in MathCad, 21 with a weighting favoring the outer plasma boundary points. The first example, shown in Fig. 8 , is of cardioid whose boundary is described by the equation xϩiyϭ0.118͓exp(2i)ϩ4 exp(i)Ϫ1͔. ͑The leading constant was chosen to make the area equal /4.) We used terms in Eq. ͑3͒ up to r 15 , and find that the rms error of the potential on the plasma boundary is 2.8ϫ10
Ϫ4 . The second example is the irregular star shown in Fig. 9 . Terms up to r 60 produce a good fit ͑rms error 1.7ϫ10 Ϫ3 ), but the resultant wall potential is unphysically large due to the use of very high order terms. Our fitting algorithm does not discriminate against higher order terms; it is possible that a different fitting routine could produce a similarly convoluted plasma without unphysical wall potentials.
V. CONCLUSIONS
We have shown that the application of the appropriate wall potentials can place any simply connected irregularly shaped plasma in or near equilibrium. Some plasmas can be placed into exact equilibria, other plasmas can only be placed into approximate equilibria. Highly contorted plasmas may require unphysically large wall potentials.
The examples have been flat-topped plasmas, but the techniques can be extended to the broad class of plasmas in which the internal density contours are aligned with the internal potential contours. We have also assumed that the driving wall potentials extend the length of the plasma. Experiments, however, have used wall potentials that extend over only part of the plasma. 4 These results can be extended to such plasmas so long as the plasma particle motion bounce averages over the plasma length. 
